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Let F be a field of characteristic different from 2 and which is not formally 
real. Let q and s denote the number of square classes of F and the stufe of F 
respectively. In this paper, we give a new lower bound of q in terms of s, which 
greatly improves a result of I. Kaplansky and A. Pfister. 
1. INJ-R~DuOTI~N 
Throughout this paper we shall always use the following notations. 
(1) F denotes a field of characteristic different from 2 and which is 
not formally real. 
(2) qF (or q) denotes the order of the multiplicative group of nonzero 
elements of F modulo squares. 
(3) sp (or s) denotes the stufe (or the level) of F. 
(4) M4, (or 44, a E F, the length of a in F, means the smallest 
integer II such that a can be expressed as a sum of n squares of elements 
of F*, F* = F - (O}. 
(5) (a>, a E F, denotes the square class represented by a in F. 
(6) &(n) means the maximal number of the system of i-sets of an 
n-set in which every (i - l)-set is contained in at most one i-set, in other 
words, D&z) is the maximal number of i-set of an n-set such that the 
ordinary (or asymmetric) difference of any two of them contains at least 
two elements. 
(7) 1 S 1 denotes the cardinality of S. 
* The author is thankful to The Canada Council for its financial support under grant 
W72 3559. 
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Remarks. It follows immediately from the above definitions that 
(1) q is either infinite or, if finite, a power of 2. 
(2) Since F is not formally real, s is finite, and therefore [4] a power of 2. 
(3) D,(n) = 1, &(n) = [n/2] for all n E N, where [*] means the integral 
part of *. 
(4) D&r) = D&z), for all i, n E N, 1 < i < n - 1. 
Some relationships between q and s were found by Kaplansky [2] and 
by Tsuzuku [6]. Later on, Kaplansky [3; p. 491 and Pfister [5] improved 
the relationship between q and s very much: 
if s = 2t, then q > 2t(t+1)/2. 
In this paper, we shall establish some new formulae connecting q and s. 
They greatly improve the result of Kaplansky and Pfister. 
2. SOME LEMMAS 
LEMMA 1. 
D&4 = 
i n(n 6 - 2) 1 ’ 
6 ’ 
i n2 - 2n 6 - 2 
n2-n-8 
’ 
n(n - l)(n - 2) 
DA4 = 
24 
n(n - l)(n - 3) 
24 
if n = 0,2 (mod 6) 
if n = 1,3(mod6) 
if n r4(mod6) 
if nr5(mod6) 
if n = 2,4 (mod 6) 
if n= 1,3(mod6). 
Proof. See [l]. 
LEMMA 2. 
Di(n) > ( r )( 1 + i(n - i) - 2 [+I)-‘, 2 < i < n - 2. 
Proof. Let N be an n-set and M be the set of all i-sets of N. Then 
I M I = (3. 
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Let D1 be a family of subsets of N with maximal cardinality and satis 
fying the following two conditions: 
(i) 1 (Y ) = i, for all (11 E Dt 
(ii) 1 a\~- 1 3 2, for all a, 7 E Di , a # T. 
Clearly ) Di 1 = D&). 
Let us put N = {q, a, ,..., a,}. Our strategy is to construct a family 
Di' of subsets of N such that Di' satisfies (i), (ii) and 
IDi'/ 2 (r)(l +i(n-i)-2[q])-1. 
By the definition of Di , this implies Lemma 2. 
Consider the following table of M: 
a1 + a, , a, , a, ,..., ai-l , ai ; a2 ,..., ai , ai+l ;...; a,-i+l ,..., a, 
6, aa ,..., 4-1, ai+l 
4, a2 ,..., 4-1, 4 . 
4, a2 ,..., ai-2, ai, ai+, 
. 
al , a2 ,..., c2 , ai , a, 
a2 + al , a2 ,..., 4-2, 4+l , ai+ 
4, a2 ,..., ai-2, %+I, ai+ 
013 + 4 , a2 ,..., at-2 ,4+3 , ait 
d al , a2 ,..., k2 , k2 , a,-, 
8, 
7 
al, a2 ,..., c2, an-2, a, 
4, a2 ,..., 4-2, a,-, , a, 
al , a2 ,-, ai- , G-1 , ai , Gtl 
asfl + al ,... 
a,, an-l+2 ,..., a,-, , an 
Let the first element {a, , a, ,..., ai- , ai} be called 01~ , and put cu, in D*'. 
We then remove from M the i(n - i) elements that have exactly i - 1 
elements in common with 01~ ; let us denote this set by RaI . The next 
element in the table does not have i - I elements in common with (Y~ is 
{a,, a2 ,..., G-2, at+ly at+2}; call it ol, and put cu, E Di’. We can now 
remove from M\R,, the i(n - i) - 4 elements that have exactly i - 1 
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elements in common with c+ ; let us denote this set by RaB , Repeating 
this process, we can choose cl3 ,..., 01,. E Di', where 
a3 = {al , a2 ,..., k2 , ai+3T ai+d 
. . . . . . . . . . . . . . . . . . 
01 - {al , a2 ,..., k2, an-2, ad r- or 
= &,a, Y,ai-2 2 a,-,, &J, 
depending on whether n - i is odd or is even. Clearly r = [(n - i)/2] + 1. 
Let us now put & = {a,, a2 ,..., aie2}, and call 71 , a2 ,..., LX). the fil- 
sequence. Denote by Rwj the set of elements of M\lJilt R,?: , that have to 
be removed because of aj . We have 
1 R,, I = i(n - i) - 4(j - l), 1 <j<r, 
and, since all these r sets are mutually disjoint, 
I I 6 % = $1(i(Vi)-4(+l)), r= j=l [+I f 1. 
Next, let i~,.+~ be the first element in the table that has not been 
removed, and denote by fi2 the subset of the first i - 2 element of 01,.+~ .
Repeating the above process, we obtain the &-sequence. In a similar 
manner, we will obtain more and more @sequences and therefore more 
and more elements in Di', and finally we obtain Di. 
Let the number of elements of the &-sequence be Sr and the total 
number of elements removed during the construction of the &-sequence 
be Tl . 
Consider I = 2, and put xi = [ R,, /. We have the following diagram: 
Xl > xp > -** > X,-l > x, 
VII VI 
x 7+1 I > *** 3 x.&.-2 
Sin= x2r-2 3 x,+~, , by the theory of inequalities, this implies 
Cftl X,+i c;=, x 
s, <--Y 
That is 
364 P. L. CHANG 
Similarly, we have 
g+= c;=, (i(n - i) - 4(j - 1)) , for all 1. 
Z 1 r 
Since 
; sz = I 4’ I, and cst+cTt= IA+(;), z z 
we have 
c;z, (i(n - j) - 4(j - ‘1) . 1 D,, , 
r 0 , 
and therefore 
for 
I Di' I 2 (;)(l + i(n - i) - 2 [+])-I 
Z=l (i(n - 8 - 4(j - 1)) = j(n _ j) _ 2(r _ *> 
r 
This completes the proof. 
= i(n - i) - 2 [?I. 
3. PROOF OF THE MAIN THEOREMS 
THEOREM 1. qF > c:$ D& f 1). 
Proof, We shall just use h, q, s, instead of &, qp , s, resp. By definition, 
A( - 1) = s. As is well known X(0) = s + 1. 
Let 
~12+~22+-*~+~S+l (*I 
beequaltoO,whereaiEF,ai#O, 1 Gi,(s+l. 
Let u, T be any two partial sums of (*), say 
Let us put {*> = (1, 2 ,..., s + l}, {u} = {u, ,..., ui} and {T} = {TV ,..., TJ. 
We claim 
(i) if i fj, then (c> # (T), 
(ii) if 2 = j, and l{U>\{T}[ > 2, then <cr) # <T>.  
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Although (i) has already been established by Tsuzuku [6, p. 3261, his 
proof is repeated here for the sake of completeness. 
1 <i#j<s. (9 
Without loss of generality, we may assume i < j. 
If (u> = (T), then there exists some b E F* such that b20 = T. Therefore 
0 = T + T’ = b2a + 7’ = a sum of (i + s + 1 - j) squares of elements 
of F*, where {T’} means the complement of (T> in {*}. 
We have a contradiction, for i < j implies i + s + 1 -,j < s + 1 
and therefore X(0) < s + 1. So (CT) f (T) 
1 <i=j<s and 1{CJ}\{Tj’j > 2. (ii) 
Let {u}\{T} = {q’,..., Us’}, 2 < E < i. If (u) = <T>,  then there exists 
some b E F* such that b2u = 7. Therefore we have 
OZ 7 + 7’ = b2u + 7’ 
=b2u+a~,~+~~~+a~,~+asumof(s+l 
= (1 + b2)(&, + * *. + uz;) + a sum of (i - 
+asumofs+l-i-Zsquares 
= a sum of at most s + 2 - I squares 
= a sum of at most s squares, 
- i - 1) squares 
I) squares 
for 2 < I. Hence X(0) < s < s + 1, contradiction. So (CT) # (7). 
We note that all those square classes are not only different to each 
other, but also different from the zero class (which is not counted in q), 
since otherwise the representation of 0 as a sum of squares could be 
shortened. 
It is not difficult to see that Theorem 1 therefore follows from (i) 
and (ii). 
THEOREM 2A. 
s=4*q>8=23. (1) 
s = 8 a q 3 128 = 27. (4 
s = 16 =X q 3 212. (3) 
641/6/s-3 
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Proof. It follows immediately from Lemmas 1 and 2, Theorem 1, 
and the fact that q is either infinite or, if finite, a power of 2. 
Moreover from Lemmas 1 and 2, Theorem 1, and the fact that 
D&z) = D,-,(n), we deduce the following 
LEMMA 3. 
4 b 2 c as + 1) 
i=l 
> 2 F (1 + i(s + 1 - i) - 2 [s +; - i I)” (” f ‘)I 
1 id 
+ W,(s + 1) + D,(s + 1)). 
We now prove 
THEOREM 2B. Ifs 3 16, then q > (16 * 291.~~. 
Proof: Consider the equation 
f(i)= l+i(s+1-i)-2[s+~-i], 3 GiGi. 
It is easy to see thatf(i) is increasing in this interval, and has maximal 
absolute value (~/2)~ + 1 at i = s/2. 
Since 
(SJgA + L;23 (“$2’) (,s,‘_‘l) 
f(S) f($-1) -m- ($)” 
2s2(s - 2) + 24s + 48 
s(s2 + 4)(9 - 12) 1 
> o 
’ 
for s > 16, 
Dl(S + 1) + D,(s + 1) - $(l + ("'i ') + ("; ')) 
= & (s3 - 2s2 - 12s - 16) > 0, for s > 16, 
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it follows from Lemma 3 that 
367 
q ’ 2 G [jssg + L~2Y,l I 
.+f’y(y, + D,(s + 1) + ms -i- 1) 
i=3 I 
=2 fgy) 
I 
+ Dab + 1) + D,(s + 1) 
I 
>2 -gf(Sy 
I i=3 
)+-$++(y’,+(“:‘i]l 
which obviously implies 
This completes the proof. 
Discussion. For s = 2t, t 2 4, we have (16 * 2”)/s2 = 221-2t+4. Clearly 
2t - 2t + 4 > (t(t + 1))/2 as t gets larger and larger. The following 
table exhibits the increasing difference between the Kaplansky-Fhster 
lower bound for q and the new lower bound. 
5= 
4> 4 8 16 32 64 128 256 
K-P 8 26 210 215 221 228 zse 
The author would like to venture the following conjecture: 
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